Superdeformed nuclei in the 190 mass region exhibit a striking universality in their decay-out profiles. We show that this universality can be explained in the two-level model of superdeformed decay as due to a strong separation of energy scales: a higher scale related to the nuclear interactions, and a lower scale caused by electromagnetic decay. Furthermore, we present the results of the twolevel model for all decays for which sufficient data are known, including statistical extraction of the matrix element for tunneling through the potential barrier.
I. INTRODUCTION
It is well known that, for a major-to-minor axis ratio of about 2, a new set of shell closures and magic numbers occurs in many nuclei. Such superdeformed (SD) states are one of the most striking predictions of the shell model [1] . High electric quadrupole moments and small centrifugal stretching mark these states as fundamentally different from their normally deformed (ND) isomers [2] . This contrast has stimulated an abundance of experimental and theoretical studies, yet several pressing questions persist [1, 2, 3] . Of these, perhaps the most interesting is the mechanism by which SD bands decay.
After their formation at high angular momentum, typically via heavy ion collisions, these nuclei decay to the yrast SD rotational band, and then uniformly down that band by E2 transitions. The SD bands are observed to retain their strength through many states, even after they are no longer yrast, with negligible losses. Then, quite suddenly, the SD band loses almost all of its strength The profiles of (a), but shifted in angular momentum so that the leftmost points, the last point in which the SD band is experimentally observed to retain any strength, are aligned. The profiles exhibit a universal behavior. Both graphs are from Ref. [4] .
FIG. 2: SD branching ratio FS, calculated in the two-level model and
showing the onset of universality. The separation of nuclear structure and electromagnetic energy scales, ∆/Γ, is 10 4 , where Γ ≡ (ΓN + ΓS) /2. Universality of the decay profiles arises from the fact that interband decay is nearly forbidden until conditions are favorable in both energy regimes, at which point SD strength vanishes quickly. The sudden transition from intraband to interband decay occurs when both ΓN > ∼ ΓS and V > ∼ Vc, where the critical tunneling matrix element Vc is given by Eq. (23). When both conditions are satisfied, the curves (in color online) are nearly identical.
over just one or two states [see Fig. 1(a) ], although the nucleus is still well above the SD bandhead. After a series of statistical decays through unrelated states, the nuclei continue via E1-dominated decays in an ND rotational band [2, 3] .
By far the most SD decays have been observed in the "classic" 190 mass region. Recently, Wilson and collaborators [4] demonstrated a striking feature of SD decay in this region: the decay profiles, when corrected for differing angular momenta, are nearly identical [ Fig. 1(b) ]. This strongly indicates decay based on a simple, uniformly applicable mechanism, rather than the "finetuning" of a resonance or a chaos-assisted phenomenon.
The purpose of this article is to explain the physical reason for this universality in the decay process, based on our investigations employing a simple two-level model and retarded Green's function approach. In this model, the branching ratio is completely determined by four parameters: the detuning ∆ ≡ ε N − ε S , a tunneling ma-trix element V , and electromagnetically induced broadenings for the SD and ND wells, Γ S and Γ N , respectively. Because nuclear forces are very much stronger than electromagnetic, there is a strong separation of scales V, ∆ ≫ Γ S , Γ N . We show that the decay-out only occurs when conditions have become favorable in both energy regimes, and that it is, consequently, sudden. Figure 2 illustrates these findings. It depicts the calculated value of the in-band branching ratio F S for various ratios Γ S /Γ N . V c , a simple function of ∆ and Γ S /Γ N in the two-level model, sets the scale V must achieve to allow decay. Universality is evident from the figure: if either Γ S /Γ N or V c /V is too large, no decay can occur. On the other hand, as both cross critical values, the curves converge and F S suddenly vanishes, in good agreement with the experimental results of Fig. 1 .
The outline of the paper is as follows. We first briefly review the two-level model in Section II. Section III presents the model's results, on which Fig. 2 is based. Section III further includes a numerical analysis of all SD decays for which sufficient data are known. Section IV gives our conclusions.
II. TWO-LEVEL MODEL OF SD DECAY
Theoretical efforts to describe the SD decay process have centered on a potential function of both nuclear quadrupole deformation and angular momentum. Vigezzi and collaborators noted early on that a double well in the deformation more accurately models the experimental data than any alternative [5] . In this picture, the shape of the tunnel barrier and the two wells varies as the nucleus sheds angular momentum, and the states of the ND and SD wells are broadened by their respective couplings to the electromagnetic field. Shortly thereafter, Khoo et al. [6] conclusively demonstrated that these electromagnetic widths must be much less than the inter-level spacings in each well. The most appropriate picture for SD decay is thus found to be two sets of discrete, slightly broadened states, connected by matrix elements to tunnel through the barrier.
The two-level model for SD decay [7] is given by keeping only one level in each well, the decaying SD level and the ND level with nearest energy (see Fig. 3 ). Since the role of additional ND levels is principally to steal decay strength from the first [8, 9] , it is now very well established that going beyond this level of approximation is not useful for most heavy-nuclei SD decays.
A. Green's Function Description of SD Decay
The Hamiltonian of the two-level model is a sum of three terms:
In the basis of the two isolated levels, the first term is diagonal: where ε i is the energy of state i. H W generates time evolution within each well: its related retarded Green's function is
allows tunneling through the barrier. Here we have chosen the phases of the basis states |S and |N such that V is positive, without loss of generality. Together, H W and H T form a simple problem common to many introductory quantum mechanics texts. The remaining term, H D = H EM + H c , gives the electromagnetic decay of the two levels. H EM is composed of the electromagnetic (harmonic oscillator) modes of the environment, and H c gives their couplings to the nucleus. In this case, it is not necessary to treat the particulars of these terms; rather we work at the level of the experimentally determined decay rates Γ S /h and Γ N /h. The self-energy due to
Dyson's Equation
gives the Green's function of the full system, summing the effects of Σ and H T to all orders. Treating the physics of the two wells (G W ), electromagnetic decay (Σ), and the barrier (H T ) on the same footing in this way is essential to a complete description of SD decay-out: all three play equally important roles in determining experimental observables, such as branching ratios. The full Green's function of the two-level model is thus
At t = 0, the nucleus is localized in the SD well by virtue of its previous, measurable E2 decay. For later times, then, the probability to find the nucleus in the SD or ND well is given by P i (t) = |G iS (t)| 2 , where i = S, N respectively. Herẽ
the Fourier transform of G ij (E), is the retarded propagator from S to i. The resulting probabilities are
and
Here, Γ ≡ (Γ N + Γ S )/2 and Γ ′ ≡ (Γ N − Γ S )/2, while the real and imaginary parts of the complex Rabi frequency ω are given by
respectively, where the "+" sign is used for the real part, and the "−" for the imaginary. As Eqs. (7) and (8) demonstrate, ω i is associated with decoherence due to coupling with the electromagnetic field, while ω r is analogous to the real Rabi frequency of a closed two-well system. The branching ratios
dtP i (t) are found by time-integrating the probabilities. The results are [7] 
where
Equations (10) are the expected results for series decay out of a two-level problem. In this light, it is clear that Γ ↓ is simply the net rate for the nucleus, starting in the SD well, to tunnel irreversibly through the barrier. These results allow us to extract information about the potential barrier from experiment. In particular, the values determined by a typical SD decay experiment are [10] . From Eq. (10), we find
B. Determination of V To uniquely extract V itself requires ∆, which in turn implies detailed knowledge of the spectrum in the ND well. In the absence of this, we construct a probabilistic theory of V . The simplest ansatz for the distribution of energy levels in the ND well is the "structureless" Wigner surmise [11] :
where s is the level spacing in units of its average value
We require a probability density function for ∆. This detuning can belong only to the ND state immediately above or below the SD level in energy, and its magnitude must be less than half the spacing sD N between these two levels. Given this spacing, therefore, ∆ is drawn from the rectangular probability density
where Θ is the Heaviside step function. The total probability theorem yields the desired result [8] : A probabilistic statement like Eq. (15) obviates the need for exact knowledge of ∆. The probability density function for V is P(V ) = 2P(∆) d∆ dV , where |∆| is found from Eq. (11) to be
Here V min = 1 2 Γ ↓ Γ is the smallest V consistent with the two-level model. P(V ) is thus seen to be [8] 
where |∆| is the function of V given by Eq. (16) . A distribution such as Eq. (17) represents the most one can say about V without microscopic knowledge of the ND well. The mean of this distribution is
while the standard deviation is
Since σ V < V , this mean provides a good measure of V for typical SD decays. The Wigner surmise (13), provides a reasonable, neutral guess at the spacings of states in the ND well. It is closely related, and may be considered a good approximation, to the level distribution of the Gaussian orthogonal ensemble [11] . Nevertheless, it is straightforward to reproduce the preceeding analysis, substituting a levelspacing density of choice for Eq. (13). Table I gives the values of Γ ↓ and V for all SD decays for which the four parameters, F N ; Γ S ; Γ N ; and D N , are known. In the table, we have further defined the series rate to irreversibly leave the SD band:
III. RESULTS FOR THE 150 AND 190 MASS REGIONS
It is Γ out , directly extractable from experimental results, which competes with Γ S to determine whether a nucleus will decay out of or remain within the SD band. The universality in SD decay is a consequence of the strong separation of energy scales,
exhibited in Table I . In the 190 mass region, particularly, we find that parameters relating to the potential doublewell, such as D N and V , are 10's to 1000's of electronVolts, while those relating to electromagnetic decay are fractions of meV. This is to be expected, since nuclear forces are, of course, many orders of magnitude stronger than electromagnetic ones. Each of these energy scales has a typical rate associated with it: oscillations within the two-level system are characterized by ω r , whereas Γ/h gives the typical rate for electromagnetic decay in Eqs. (7)- (8) . Sincehω r ≫ Γ, it is clear that SD decay is primarily a coherent process: a nucleus generally undergoes thousands of virtual Rabi oscillations during a single decay event. Only if both V and ∆ were of order meV could the decay be incoherent, and such "accidental" degeneracies are masked by the fact that, since Γ ↓ ≈ 0, when V is very small, the nucleus cannot leave the SD band at all. Equation (10b) can be rewritten:
Because of the two widely separated energy scales, only two dimensionless parameters, Γ S /Γ N and V c /V , play a role in determining the branching ratios. It is clear from Table I that the first, Γ S /Γ N , decreases dramatically over the course of each SD band's decay-out. This can be understood physically as a relaxation of the nucleus's centrifugal stretching, and consequent reduced coupling to the electric quadrupole field, as its spin lowers. We extracted V using the experimental branching ratios; thus it would be circular to make use of those values in our discussion of F S 's universality. Instead we note that Eqs. (10b) and (22) have the limit
and that, in the two-level model, F S is a monotonically decreasing function of V . Values of this limit are given in Table I . As we move down each decay chain, it is clear that the experimental branching ratios converge to these values, and hence we conclude that V c /V , too, is decreasing quickly during each decay chain. This also is to be expected: V depends exponentially on the barrier height [23] , which decreases as the ND well drops further below the SD one in energy. Figure 2 shows F S as a function of V c /V and Γ S /Γ N . The SD branching ratio rapidly increases nearly linearly to an abrupt plateau. Thus, we explain the universal nature of the decay-out profiles as follows: SD decay-out is only allowed when suitably low values of both Γ S /Γ N and V c /V are achieved, both of which decrease quickly with decreasing spin. The nucleus, therefore, enters the region of allowed decay-out very suddenly, moving down the curves from a case of very high in-band intensity to one of almost complete decay-out. Since the transition phase of Fig. 2 is nearly linear and very steep, there is very little room for additional structure to appear in the decay-out profiles: the SD band drops off suddenly, without opportunity for significant variation between bands.
If 152 Dy is a representative example, the variation of Γ S /Γ N in the 150 mass region is somewhat slower than in the 190 region, although V c /V still changes dramatically, as seen from F S 's approach to its V → ∞ limit. Since rapid decrease in both parameters is required for universal behavior, we expect that, as more data become available for these nuclei, a somewhat lesser degree of universality will be observed.
IV. CONCLUSIONS
The two-level model has elsewhere [8, 9] been shown to be the simplest description of the SD decay-out process which still encapsulates the essential physics. It describes a two-step decay: first, the nucleus undergoes mainly coherent Rabi oscillations between the SD and ND wells, after which it finally decays into one band or the other. By using a statistical approach, the two-level model can (branching ratios, ΓS, ΓN , and DN ) are known. I is the nuclear spin quantum number. The rightmost column gives the sources of the experimental inputs and the estimates of ΓN and DN .
(meV) (meV) (eV) (meV) (meV) (eV) extract as much information as is possible from decay experiments, including the Hamiltonian matrix element for tunneling through the potential barrier, which is of direct relevance to nuclear structure. Table I demonstrates the results of this technique for all decays with sufficient data, to date.
Moreover, the most striking property of SD decay-out in the 190 mass region is seen in the two-level model to be a straightforward consequence of the strong separation of energy scales in the problem. Energies relating to electromagnetic decay are typically of the scale meV or smaller, while those relating to nuclear forces are of order eV or larger. Furthermore, decay-out only occurs when both of the important parameters, Γ S /Γ N and V c /V are decreasing rapidly. Thus, only a small sector of the full parameter space of the problem is probed, and the resulting decay profiles are necessarily similar. APPENDIX Equation (12) places a limit on the experimentallydetermined quantities. Positivity of Γ ↓ requires that
In only two decays of Table I , 192 Pb(10) and 152 Dy(26), is this condition violated. While it is possible that this is due to a breakdown of the two-level approximation in these cases, in the absence of a physical argument for the near degeneracy of two or more ND levels, it is far more likely that one or more of the input parameters is poorly known. Γ N , in particular, is difficult to estimate, with uncertainty σ ΓN ∼ Γ N .
Thus, we estimate Γ ↓ statistically for these two decays, assuming the true Γ N differs from the estimated value Γ 0 N by a "cut" normal distribution:
where the constant of renormalization due to the constraint is
Assuming that the two-level approximation is valid, the probability density function of Γ ↓ follows:
where Γ ↓ is the function of Γ N given by Eq. (12) . For 192 Pb(10) and 152 Dy(26), Table I gives the median of this distribution as the typical value of Γ ↓ , from which V is found.
